The objective of this paper is to study the existence of the generalized Drazin inverse of the sum a + b in a Banach algebra and present explicit expressions for the generalized Drazin inverse of this sum, under new conditions.
Introduction
Throughout this paper, A will denote a complex unital Banach algebra with unit 1. We will use A −1 , A nil and A qnil to denote the sets of all invertible, nilpotent and quasinilpotent elements of A, respectively.
The generalized Drazin inverse of a ∈ A (or Koliha-Drazin inverse of a [4] ) is the unique element a d ∈ A which satisfies
The set of all generalized Drazin invertible elements of A will be denoted by A d . For a ∈ A d , a π = 1 − aa d is the spectral idempotent of a corresponding to the set {0}. The Drazin inverse is a special case of the generalized Drazin inverse for which a − a 2 a d ∈ A nil . * The author is supported by the Ministry of Education and Science, Republic of Serbia, grant no. 174007. If p ∈ A is an idempotent, we represent any element a ∈ A as a = a 11 a 12 a 21 a 22 ,
The generalized Drazin inverse of a is given by
Now, we state very useful result on the generalized Drazin inverse of a triangular block matrix. [1, 3] , but we present some of them which will be used later. 
Using the assumptions a π b = b and aba π = 0, the representation for (a + b) d was presented in [1] . In [5] , the formula for (a + b) d was given under conditions which involve aba π = 0.
In this paper, we give explicit expressions for the generalized Drazin inverse of a + b in the cases that aba π = a π b π bab π a π or aba π = a π baa π . So, under new conditions in the literature, the paper studies additive properties of the generalized Drazin inverse in a Banach algebra.
Additive results
In the first theorem of this section, for a, b ∈ A d such that aba π = a π b π bab π a π , we investigate the existence of the generalized Drazin inverse of the sum a+b and give explicit formula for (a + b) d .
In this case,
Proof. We have the following matrix representations of a and b relative to p = aa d :
where
By the assumption aba π = a π b π bab π a π , we get a 1 b 2 = 0. Since a 1 is invertible, we deduce that b 2 = 0. So,
Using Lemma 1.1, if one of the elements a π ba π or a π b or ba π is generalized Drazin invertible, we conclude that
Applying again Lemma 1.1, because b ∈ A d and one of the above mentioned elements is generalized Drazin invertible,
Applying Lemma 1.1, a + b is generalized Drazin invertible if and only if 
The
Hence,
By the equalities
and (4), we obtain that the formula (1) holds.
If we suppose that a ∈ A qnil in Theorem 2.1, we get Lemma 1.2 as a consequence.
By the following examples, we observe that the conditions aba π = 0 (which appears in [5] ) and aba π = a π b π bab π a π are independent. Precisely, in the first example, the condition aba π = 0 holds, but the condition aba π = a π b π bab π a π is not satisfied.
Example 2.1. We consider the following matrices a and b in the algebra of all complex 3 × 3 matrices A: Also, we present complex matrices a and b such that aba π = a π b π bab π a π , but aba π = 0 in the next example. 
Proof. The assumptions aba π = b π bab π a π and a d ab = 0 imply aba π = a π b π bab π a π . Applying Theorem 2.1, for c = a 2 a d , we obtain this result.
If we suppose that aa d b commutes with a in Theorem 2.1, we get the explicit expression for c d in terms of a, b, a d and
In this case, (a + b) d is represented as in (1) , where c = aa d (a + b) and
Proof. Using the same notation as in the proof of Theorem 2. 
In the case that aba π = a π baa π , we obtain the following result related to the generalized Drazin inverse of the sum a + b.
Proof. Suppose that a and b are represented as in (2) . The hypothesis aba π = a π baa π yields b 2 = 0 and
The rest of this proof follows similarly as in the proof of Theorem 2.1.
If we add some extra conditions in Theorem 2.3, we obtain the next results. 
In this case, 
In 
